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A Brief History of Optimization Research: The history of optimization of real-valued 

non-linear functions (including linear ones), unconstrained or constrained, goes back to 

Gottfried Leibniz, Isaac Newton, Leonhard Euler and Joseph Lagrange.  However, those 

mathematicians often assumed differentiability of the optimand as well as constraint 

functions. Moreover, they often dealt with the equality constraints. Richard Valentine 

(1937) and William Karush (1939), however, were perhaps the first mathematicians to 

study optimization of nonlinear functions under inequality constraints. Leonid 

Kantorovich and George Dantzig are well known for developing and popularizing linear 

programming, which ushered a new era of ‘operations research’, a branch of 

mathematical science that specializes in optimization. The development of linear 

programming soon prompted the study of the optimization problem of nonlinear 

functions (often under linear or nonlinear constraints). The joint work of Harold Kuhn 

and Albert Tucker (1951) – that was backed up by the work of Karush –  is a landmark in 

the history of optimization of nonlinear functions. 

  

Initially, optimization of nonlinear functions was methodologically based on the 

Leibniz-Newton principles and therefore could not easily escape local optima. Hence, its 

development to deal with nonconvex (multimodal) functions stagnated until the mid 

1950’s.  Stanislaw Ulam, John von Neumann and Nicolas Metropolis had in the late 

1940’s proposed the Monte Carlo method of simulation and it was gradually realized that 

the simulation approach could provide an alternative methodology to mathematical 

investigations in optimization. George Box (1957) was perhaps the first mathematician 

who exploited the idea and developed his evolutionary method of nonlinear optimization. 

Almost a decade later, MJ Box (1965) developed his complex method, which strews 

random numbers over the entire domain of the decision variables and therefore has a 

great potentiality to escape local optima and locate the global optimum of a nonlinear 

function. The simplex method of John Nelder and Roger Mead (1964) also incorporated 

the ability to learn from its earlier search experience and adapt itself to the topography of 

the surface of the optimand function. 

 

Global Optimization: The 1970’s evidenced a great fillip in simulation-based 

optimization research due to the invention of the ‘genetic algorithm’ by John Holland 

(1975). A genetic algorithm is a class of population-based adaptive stochastic 

optimization procedures, characterizing the presence of randomness in the optimization 

process. The randomness may be present as either noise in measurements or Monte Carlo 

randomness in the search procedure, or both. The basic idea behind the genetic algorithm 

is to mimic a simple picture of the Darwinian natural selection in order to find a good 

algorithm and involves the operations such as ‘mutation’, ‘selection’ and ‘evaluation of 

fitness’ repeatedly.  The genetic algorithms may claim to have ushered the new era of 

global optimization. 



 A little later, in 1978, Aimo Törn introduced his “Clustering Algorithm” of global 

optimization. The method improves upon the earlier local search algorithms that needed 

‘multiple start’ from several points distributed over the whole optimization region. Multi-

start is certainly one of the earliest global procedures used. It has even been used in local 

optimization for increasing the confidence in the obtained solution. However, one 

drawback of Multi-start is that when many starting points are used, the same minimum 

will eventually be determined several times. In order to improve the efficiency of Multi-

start this should be avoided. The clustering method of Törn avoids this repeated 

determination of local minima. This is realized in three steps, which may be iteratively 

used. The three steps are: (i) sample points in the region of interest, 

(ii) transform the sample to obtain points grouped around the local minima, and (iii) 

use a clustering technique to recognize these groups (i.e. neigbourhoods of the local 

minima).  If the procedure employing these steps is successful, then, starting a single 

local optimization from each cluster would determine the local minima and, thus, also the 

global minimum. The advantage in using this approach is that the work spared by 

computing each minimum just once can be spent on computations in (i) and (ii), which 

will increase the probability that the global minimum will be found.  

 While the clustering algorithm was optimizing on the multi-start requirements of 

local search algorithms and the genetic algorithm simulated the Darwinian struggle for 

the survival of the fittest, the simulated annealing method (Kirkpatrick et al., 1983; 

Cerny, 1985) proposed to mimic the annealing process in metallurgy. In an annealing 

process a metal in the molten state (at a very high temperature) is slowly cooled so that 

the system at any time is approximately in thermodynamic equilibrium. As cooling 

proceeds, the system becomes more ordered – the liquid freezes or the metal re-

crystallizes – attaining the ground state at T=0. This process is simulated through the 

Monte Carlo experiment (Metropolis et al. 1953). If the initial temperature of the melt is 

too low or cooling is done unduly fast the metal may become ‘quenched’ due to being 

trapped in a local minimum energy state (meta-stable state) forming defects or freezing 

out. The simulated annealing method of optimization makes very few assumptions 

regarding the function to be optimized, and therefore, it is quite robust with respect to 

irregular surfaces. In this method, the mathematical system describing the problem 

mimics the thermodynamic system. The current solution to the problem mimics the 

current state of the thermodynamic system, the objective function mimics the energy 

equation for the thermodynamic system, and the global minimum mimics the ground 

state. However, nothing in the numerical optimization problem directly mimics the 

temperature, T, in the thermodynamic system underlying the metallurgical process of 

annealing. Therefore, a complex abstraction mimics it. An arbitrary choice of initial value 

of a variable called ‘temperature’, how many iterations are performed at each 

‘temperature’, the step length at which the decision variables are adjusted, and the rate of 

fall of ‘temperature’ at each step as ‘cooling’ proceeds, together make an ‘annealing 

schedule’. This schedule mimics the cooling process. At a high ‘temperature’ the step 

lengths at which the decision variables are adjusted are larger than those at a lower 

‘temperature’. Whether the system is trapped into local minima (quenching takes place) 

or it attains the global minimum (faultless crystallization) is dependent on the said 

annealing schedule. A wrong choice of the initial ‘temperature’, or the rate of fall in the 



‘temperature’ leads to quenching or entrapment of the solution in the local minima. The 

method does not provide any clear guideline as to the choice of the ‘annealing schedule’ 

and often requires judgment or trial and error. If the schedule is properly chosen, the 

process attains the global minimum. It is said that using this method is an art and requires 

a lot of experience and judgment.  

A little later, Fred Glover (1986) introduced his ‘Tabu Search’ method. This 

method economizes on repeated visits to the already visited points and in some sense is 

close to the clustering algorithms. Glover attributes it's origin to about 1977. The basic 

concept of Tabu Search as described by Glover is "a meta-heuristic superimposed on 

another heuristic. The overall approach is to avoid entrainment in cycles by forbidding or 

penalizing moves which take the solution, in the next iteration, to points in the solution 

space previously visited ( hence "tabu"). The Tabu method was partly motivated by the 

observation that human behavior appears to operate with a random element that leads to 

inconsistent behavior given similar circumstances. As Glover points out, the resulting 

tendency to deviate from a charted course, might be regretted as a source of error but can 

also prove to be source of gain. The Tabu method operates in this way with the exception 

that new courses are not chosen randomly. Instead the Tabu search proceeds according to 

the supposition that there is no point in accepting a new (poor) solution unless it is to 

avoid a path already investigated. This insures new regions of a problems solution space 

will be investigated in with the goal of avoiding local minima and ultimately finding the 

desired solution.  

The pace of research in global optimization (GO) by stochastic process 

accelerated considerably in the 1990’s.  Marco Dorigo in his Ph.D. thesis (1992) 

introduced his “Ant Colony” method of global optimization. It studies artificial systems 

that take inspiration from the behaviour of real ant colonies. Ants use pheromones that 

guide other fellow ants to identify the path that leads to a success. The chemical 

properties of pheromones and the ability of ants to gather information and use them are 

simulated in the Ant Colony method to reach at the global optimum. This method is well 

suited to combinatorial (discrete) optimization problems.  

A couple of years later, James Kennedy and Russell Eberhart (1995) introduced 

their “Particle Swarm” method of global optimization. In the animal world we observe 

that a swarm of birds or insects or a school of fish searches for food, protection, etc. in a 

very typical manner. If one of the members of the swarm sees a desirable path to go, the 

rest of the swarm will follow quickly. The Particle Swarm method mimics this behaviour.  

Every individual of the swarm is considered as a particle in a multidimensional space that 

has a position and a velocity. These particles fly through hyperspace and remember the 

best position that they have seen. Members of a swarm communicate good positions to 

each other and adjust their own position and velocity based on these good positions. 

There are two main ways this communication is done: (i) “swarm best” that is known to 

all (ii) “local bests” are known in neighborhoods of particles. Updating of the position 

and velocity are done at each iteration such that the solution often converges to the global 

optimum of the function. Interestingly, this method has a very sound and well-



documented philosophical literature behind it (the British empiricist philosophy, the 

American pragmatism and others like those of Friedrich Hayek, Herbert Simon, etc.).  

The method of Differential Evolution (DE) grew out of Kenneth Price's attempts 

to solve the Chebychev Polynomial fitting Problem that had been posed to him by Rainer 

Storn. A breakthrough happened (1996), when Price came up with the idea of using 

vector differences for perturbing the vector population. The crucial idea behind DE is a 

scheme for generating trial parameter vectors. Initially, a population of points (p in d-

dimensional space) is generated and evaluated (i.e. f(p) is obtained) for their fitness. Then 

for each point (pi) three different points (pa, pb and pc) are randomly chosen from the 

population. A new point (pz) is constructed from those three points by adding the 

weighted difference between two points (w(pb-pc)) to the third point (pa). Then this new 

point (pz) is subjected to a crossover with the current point (pi) with a probability of 

crossover (cr), yielding a candidate point, say pu. This point, pu, is evaluated and if found 

better than pi then it replaces pi else pi remains. Thus we obtain a new vector in which all 

points are either better than or as good as the current points. This new vector is used for 

the next iteration.  This process makes the differential evaluation scheme completely self-

organizing. 

III. The Characteristic Features of Population-Based GO Methods: All population-

based methods of global optimization partake of the probabilistic nature inherent to them. 

As a result, one cannot obtain certainty in their results, unless they are permitted to go in 

for indefinitely large search attempts. Larger is the number of attempts, greater is the 

probability that they would find out the global optimum, but even then it would not reach 

at the certainty. Secondly, all of them adapt themselves to the surface on which they find 

the global optimum. The scheme of adaptation is largely based on some guesswork since 

nobody knows as to the true nature of the problem (environment or surface) and the most 

suitable scheme of adaptation to fit the given environment. Surfaces may be varied and 

different for different functions. A particular type of surface may be suited to a particular 

method while a search in another type of surface may be a difficult proposition for it.  

Further, each of these methods operates with a number of parameters that may be 

changed at choice to make it more effective. This choice is often problem oriented and 

for obvious reasons. A particular choice may be extremely effective in a few cases, but it 

might be ineffective (or counterproductive) in certain other cases. Additionally, there is a 

relation of trade-off among those parameters. These features make all these methods a 

subject of trial and error exercises.   

 

Keane’s bump function (Keane, 1994) may provide a fitting example of a multi-

modal function that requires methods of global optimization to obtain a ‘solution’. It is 

given as: 
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Fig.-1: Keane’s Bump Function in 2 Dimensions 

 
Source: Hacker, Eddy and Lewis (2002) 

A visual appreciation of 

Keane’s two-dimensional 

(m=2) bump function may 

be obtained from the 

graphical presentation 

(Fig.-1; Hacker et al., 

2002). As the dimension 

(m) grows larger, the 

optimum value of the 

function becomes more 

and more difficult to 

obtain. Keane (1994) 

observed that for m=20 

the value of min[f(x)] 

could be about -0.76 and 

for m=50 it could be about 

-0.835 but did not know 

this to be the case.   

 

Keane’s bump function is considered as a standard benchmark for nonlinear constrained 

optimization. It is highly multi-modal and its optimum is located at the non-linear 

constrained boundary. Emmerich (2005, p. 116) noted that the true minimum of this 

function is perhaps unknown. 
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